Abstract. Let be an irreducible crystallographic root system in a Euclidean space V , with + the set of positive roots. For α ∈ , k ∈ Z, let H (α, k) be the hyperplane {v ∈ V : α, v = k}. We define a set of hyperplanes H = {H(δ, 1) : δ ∈ + } ∪ {H(δ, 0) : δ ∈ + }. This hyperplane arrangement is significant in the study of the affine Weyl groups. In this paper it is shown that the Poincaré polynomial of H is (1 + ht) n , where n is the rank of and h is the Coxeter number of the finite Coxeter group corresponding to .
Introduction
Let be an irreducible crystallographic root system in a Euclidean space V , with + the set of positive roots. For α ∈ , k ∈ Z, let H (α, k) be the hyperplane {v ∈ V : α, v = k}. We define a set of hyperplanes H = {H(δ, 1) : δ ∈ + } ∪ {H(δ, 0) : δ ∈ + }. We will refer to H as the sandwich arrangement of hyperplanes associated to . This set of hyperplanes has appeared in at least two areas of the study of the affine Weyl groups: the Kazhdan-Lusztig representation theory as it applies to these groups [7] , and the study of the properties of the language of reduced expressions [3] . In [8] Shi proved the following theorem:
Theorem 1.1 The number of connected components of V − H ∈H H is
n , where n is the rank of , and h is the Coxeter number of the associated finite Coxeter group.
The purpose of this paper is, in some sense, to generalize this result by determining the Poincaré polynomial P(H, t) of H. The number of connected components of V − H ∈H H , and the number of these components that are bounded, can both be read off easily from P(H, t). The Poincaré polynomial has other connections to combinatorial and algebraic properties of H; a good reference is [6] .
The Poincaré polynomial of H H H
The intersection poset L(H) of H is the set of nonempty intersections of elements of H, partially ordered by reverse inclusion. This poset is ranked by codimension, with V the unique element having rank 0. Writing µ(x) for µ(V, x), we define the Poincaré polynomial of H to be 
Let be a root system, and let H be the associated sandwich arrangement. Let H 0 be the subarrangement of H consisting of the hyperplanes that contain the origin of V . For Y ∈ L(H 0 ), let W Y be the group generated by the reflections through all hyperplanes containing Y . This is a Coxeter group [5] . 
Proof: For any X ∈ L(H), let X 0 be the unique translate of X that passes through the origin. Since the hyperplanes that intersect to form X all have translates in We prove the theorem by induction on the number of generators, using the previous lemma. We will determine every coefficient of P(H, t) except that of t n . Since we know P(H, 1) from Theorem 1.1, this will determine the polynomial. The analysis will be done case-bycase. 
where the sum is taken over all partitions of [n + 1] into n + 1 −l blocks. This is recognized to be the number of labeled forests on n + 1 vertices of n + 1 − l rooted trees. From [4] we have
We have shown that the coefficients of t l in P(H, t) and (1 + (n + 1)t) n are the same for 1 ≤ l ≤ n −1. Since P(H, t) is an nth degree polynomial and P(H, 1) = (n +2) n , P(H, t) is in fact equal to (1 + (n + 1)t) n . B n : The elements of L(H 0 ) of dimension l (rank n − l) are somewhat harder to describe than in the A n case. We can start by taking a subset J ⊆ [n] and partitioning it into l non-empty blocks X = (X 1 , . . . , X l ). Define a sign function sgn: J → {1, −1} so that sgn( j) = 1 whenever j is the smallest element in its block. For a given partition of J , there are 2 |J |−l ways to do this. The partition and the function sgn together determine the intersection
over all partitions of J into l blocks, we get |J | |J |−l (
Putting this all together, the coefficient of
We would like to show that this is equal to the coefficient of t n−l in (1 + 2nt) n , which is ( n l )(2n) n−l . We can remove a factor of 2 n−l so that we have
which is a consequence of Abel's Identity [2] . C n : The calculations are the same as for B n . D n : This is very similar to the B n case. If |J | = n − 1, the intersection Y determined by X , J and sgn is
and the identity to be proved is
which is again a consequence of Abel's Identity.
For the exceptional groups we use the data from [5] . The integers n(R, T ) listed there give the number of Y ∈ L(H 0 (T )) such that W Y ∼ = R. As before, we need only show that the coefficients of t 0 , . . . , t n−1 match the coefficients of (1 + ht) n . The calculations are shown in the tables that follow. In these tables, c(R) is the leading coefficient of
As a corollary of Theorem 2.1, we have the following.
Corollary 2.5
Let H, h, and n be as in Theorem 1.1. The number of bounded components of V − H ∈H H is (h − 1) n . 
Tables
R n ( R , E 8 ) n ( R , E 8 ) · c ( R ) t 6
